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Abstract
A graph is supereulerian if it has a spanning eulerian subgraph. It has been an open problem
to determine the in1mum L of the ratio of the maximum size of a spanning eulerian subgraph
H of a graph G to the size of G, among all nontrivial supereulerian graphs. Catlin once thought
that L could be 23 . In this note, we present in1nite families of graphs to show that L should be
less than 23 . Moreover, we show that when restricted to r-regular supereulerian graphs, if r = 5,
then L¿ 23 and if r = 5, then L¿
3
5 .
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We follow the notation of Bondy and Murty [1]. Graphs in this note are 1nite and
loopless. For a graph G;O(G) denotes the set of all vertices of odd degree in G. A
connected graph G with O(G)= is called an eulerian graph. A graph is supereulerian
if it has a spanning eulerian subgraph. The collection of all supereulerian graphs will
be denote by SL [2].
In 1990, Catlin noted that if a cubic graph G admits a spanning eulerian subgraph
H (which is also a Hamilton cycle as G is cubic), then |E(H)| = 23 |E(G)|. Thus, he
proposed a conjecture [4].
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Fig. 2.
Catlin’s 23 -Conjecture. If G ∈ SL and G = K1, then G has a spanning eulerian subgraph
H with |E(H)|¿ 23 |E(G)|.
In 1995, Zhi-Hong Chen and Hong-Jian Lai presented the following open problem
[3, Problem 8.8]:
Problem. Determine
L= minmax
G∈SL−{K1}
{ |E(H)|
|E(G)| : H is a spanning eulerian subgraph of G
}
:
The main objective of this note is to show that 23 is not the right bound for L. We
will present two in1nite families of graphs for this purpose.
First, we suppose that G is a simple graph.
Let G be the graph depicted in Fig. 1.
The graph G has a maximum spanning eulerian subgraph H with 11 edges, but
|E(G)|= 17. Thus, we have that |E(H)|=|E(G)|= 1117 ¡ 23 .
Let G1 and G2 be the two graphs depicted in Fig. 2.
Suppose that G1 contains x subgraphs isomorphic to G2 and a path of length k + 1
(see the graph G1 of Fig. 2), then G1 has a maximum spanning eulerian subgraph H
with 3x+k+1 edges. If k+1¡x and 0¡k, then |E(H)|=|E(G)|=(3x+k+1)=(5x+
k + 1)¡ 23 .
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As the inequality holds for every positive integer k, we obtain
lim
x→∞
3x + k + 1
5x + k + 1
=
3
5
:
The limit above indicates that L6 35 ¡
2
3 .
Another in1nite family of graphs allows multiple edges, as constructed below.
Let Cn = v1v2v3 · · · vnv1 be an n-cycle for some n¿ 4. Let Gn be obtained from
Cn by adding a parallel edge to each of vivi+1; i = 2; 3; : : : ; n − 1. Cn is a maximum
spanning eulerian subgraph of Gn.
|E(Cn)|
|E(Gn)| =
n
2n− 2 ¡
2
3
(n¿ 4):
The two families of examples show that in general, L6 12 and that when restricted
to simple graphs, L6 35 .
Next, we present a partial solution to the problem. De1ne
L′ = minmax
G∈SL−{K1}
{|E(H)|=|E(G)| : |E(G)|¿ 3|V (G)|
and H is a spanning eulerian subgraph of G}.
Theorem. L′¿ 23 .
Proof. Let G ∈ SL and H be a maximum spanning eulerian subgraph of G. If |E(H)|¡
2
3 |E(G)|, then |E(G)−E(H)|¿ 13 |E(G)|¿ |V (G)|. Thus G−E(H) contains a cycle C,
so H ∪C is also a spanning eulerian subgraph of G, which contradicts the maximality
of |E(H)|. Therefore, we have |E(H)|¿ 23 |E(G)|, i.e. L′¿ 23 .
Corollary. Let G be an r-regular graph, if r = 5, then L¿ 23 ; if r = 5, then L¿ 35 .
Proof. It is trivial for r=2; 3; 4. If r¿ 6, then |E(G)|6 3|V (G)|. If r=5, we assume
that H is a maximum spanning eulerian subgraph of G. If |E(H)|6 35 |E(G)|, then
|E(G) − E(H)|¿ 25 |E(G)| = |V (G)|. Thus G − E(H) contains a cycle, a contradic-
tion.
Conjecture. Let G be a simple graph. If G ∈ SL, and G = K1, then G has a spanning
eulerian subgraph H with |E(H)|¿ 35 |E(G)|.
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